
The Two-Factor 
Mixed Model

Section 13.3



Nomenclature

• Two-Factor

– Let F and R be our factors and note there are two

• Mixed Model

– F is a fixed factor

– R is a random factor

Thus we have a Two-Factor Mixed Model



suppose we have a fictional 
fat city called McAllen, Texas

• We want to test a weight loss cake 



Hypothesis testing

• H0: μ0 = μCake747 

– Cake recipe 747 diet does not cause weight loss

• Ha: μ0 > μCake747 

– Cake recipe 747 in diet causes significant weight loss



Data
kg



Call:
lm(formula = Weight ~ Weeks, data = dfSimpleRegression)

Residuals:
    Min      1Q  Median      3Q     Max 
-10.775  -8.056  -1.325   7.219  12.225 

Coefficients:
            Estimate Std. Error t value Pr(>|t|)    
(Intercept)   92.750      5.637  16.453 1.49e-10 ***
Weeks         -2.975      2.058  -1.445     0.17 
---
Signif. codes:  0 ‘***’ 0.001 ‘**’ 0.01 ‘*’ 0.05 ‘.’ 0.1 ‘ ’ 1

Residual standard error: 9.206 on 14 degrees of freedom
Multiple R-squared:  0.1298, Adjusted R-squared:  0.06767 
F-statistic: 2.089 on 1 and 14 DF,  p-value: 0.1704

Not significant because the data points are far from regression line
SLR assumes all data points are independent but we have repeated 
measures on the same Person

Weight = 92.75 – 2.975Weeks 



Mistake is the 4 Person
randomly selected had different weights

Notice how many standard deviations they are from each other

Simple linear regression is the wrong model to use.
Enter Two-Factor Mixed Model



Notice how many standard 
deviations they are from 
each other

Person’s weight comes 
from Normal distribution
is Random Effect

lm(Weight ~ Weeks)
has asked r to estimate the overall weight 
loss per week. The large variations in ALL 
weight has returned insignificant p-value.



Notice how many standard 
deviations they are from 
each other

Person’s weight comes 
from Normal distribution
is Random Effect

lm(Weight ~ Weeks)
has asked r to estimate the overall weight 
loss per week. The large variations in ALL 
weight has returned insignificant p-value.

Variance is (standard deviation)2

Total area represents Sum of Squares Error at Week0



Weight = 92.75 – 2.975Weeks 

lm(Weight ~ Weeks) has asked R to estimate the overall weight loss per week.

lm has estimated our population mean weight before diet to be 92.75kg
with slope negative 2.975kg loss per week but is insignificant relative to variation in data
  
It has a null hypothesis that our population mean Weight before diet to be 85.3125kg
and the slope is zero. That is, any given Weeks has an estimated Weight of 85.3125kg for any Person
 
The large variations in ALL weight has returned insignificant p-value 0.17 > α
We conclude that nobody eating Cake747 is losing weight in McAllen, Texas

H0: slope = 0
Weightij = 85.3125Weeks 

Simple linear regression is the wrong model to use.
Enter Two-Factor Mixed Model



Definitions
• Fixed effects represent things like the population mean 

that do not vary. These may represent the population 
parameters that we like to estimate in, for example, 
linear regression. 

• Random effects represent parameters that can vary 
between groups of dependent data points. For 
example, if we do several measurements on the same 
individual, the mean of these measurements can 
represent one estimated parameter. Each individual 
may then have a unique estimate. 



Weeks is our fixed effect
Person is our random effect
1 specifies to use random intercept for Person
ranef() give random offset from fixed effect

Significant



Weighti = ai +b*Weeks
aEric = 92.75 + 11.40 = 104.1496 
aCartman = 92.75 + 4.9211 = 97.67114 
aPeter = 92.75 – 6.80 = 85.96007 
aGriffin = 92.75 – 9.53 = 83.21918 

Weight = 92.75 – 2.975Weeks 

WeightEric = 104.1496 – 2.975Weeks 

WeightCartman = 97.67114 – 2.975Weeks 

WeightPeter = 85.96007 – 2.975Weeks 

WeightGriffin = 83.21918 – 2.975Weeks 

Notice how small the variances are from their own lines
The advantage is that the data points are now much closer to 
the lines, which will result in a much smaller standard error 
and therefore a smaller p-value.



Notice how small the variances are from their own lines
Hence the drop in SE and huge drop in SSR

SLR

2FMM

Don’t know how to call SSR 
so manually calculated it

LIKE



Hypothesis testing
• H0: μCake0 = μCake747 

– Cake recipe 747 in diet does not cause weight loss 
compared to cake recipe 0

• Ha: μCake0 > μCake747 

– Cake recipe 747 in diet causes significant weight 
loss compared to cake recipe 0

There was a different flatter 
slope all this time to force a 
higher lm() pvalue and be 
reused later in other tests.
Can you already guess the 
answer? Shout it out!



Random intercept & Random Slope

Weight = 92.75 – 2.975Weeks 

WeightEric = 104.1496 – 3.22Weeks 

WeightCartman = 97.67114 – 3.445 Weeks 

WeightPeter = 85.96007 – 2.975Weeks 

WeightGriffin = 83.21918 – 2.74Weeks 



“Weeks” P-Values so far
• Simple Linear Regression

✓ 0.17

• Fixed Effect Weeks, Random Effect Person
– Random Intercept, fixed Slope

✓ 1.52e-07 

– Random Intercept, Random Slope
✓ 0.003013

• Multiple Linear Regression
– Should not be used since it violate the assumption of independence. 

– the observations are not independent because we have four data 
points from the same person. 

When should I use Mixed Model vs another Model?



lmer will run will NA values

Repeated Measures ANOVA would 
have dropped Eric thus reducing 
statistical power

When should I use Mixed Model vs another Model?



lmer will run binary outcomes

• that is, dependent variable (Weight) was 
instead a binary count such as Heads in a coin 
flipping experiment

• ANOVA assumes dependent variable is 
continuous.

When should I use Mixed Model vs another Model?



Repeated Measures ANOVA 
requires measures to be categorical

• That is, Weight measurements need to be on 
Week0, Week1, …, Weekn

• lmer will run using data where Weight is 
measured at any Weekℝ such as Week0, 
Week1.618, Week2.718, Week3.14 

– More flexibility in taking measurements

– Simple Linear Regression will also run any real x-axis

When should I use Mixed Model vs another Model?



lmer can use any real 
x-axis

When should I use Mixed Model vs another Model?



Simple Linear Regression will also 
run any real x-axis



If we only have two Weight 
measurements per Person

• the linear mixed-effects model with random 
intercepts will result in the exact same p-value 
as the repeated measure ANOVA and the 
paired t-test but only if the repeated 
measurements have a positive correlation

When should I use Mixed Model vs another Model?



Random Slope only
Reshape started Weeks at 1

Week 0 is somewhere over 
← there

Back to how to use lmer



Random Slope, Fixed intercept
• This looks wrong

• Transform our data to use Fixed Intercept, Random Slope



Random Slope, Fixed intercept
Get difference from right to left is most efficient



Random Slope, Fixed intercept
Get difference from right to left is most efficientRunning SLR on Weight Loss 

would have worked from the start



Random intercept + Diet
Random Effect is thin line from 
Thick Fixed Effect line

Model with Diet (fixed slope)



Random intercept + Diet
Random Effect is thin line from 
Thick Fixed Effect line

Model with Diet (fixed slope)



Random intercept + Diet

Don’t know how to call this 
result so I manually calculated it

Model with Diet (fixed slope)



Random intercept + Diet

p-value tells us Person eating 
Cake747 have a significantly 
higher initial weight than Person 
on Cake0 diet

Model with Diet (fixed slope)



Is there a significant difference in the Weight 
loss per Week between the two Diets?

Weeks*Diet interaction now allow Diet747 to have different slope from Diet0

Model with Diet (Random slope)



Weeks*Diet interaction
Diet0 has slope of -2.55
Diet747 has slope -2.55 – 0.707 = -3.257
p-value of the interaction is not significant. We conclude that the slopes 
of Diet747 and Diet0 are not significantly different 

Model with Diet (Random slope)



Weeks*Diet interaction
There is no significant difference between average weight loss for 
Person on Diet with Cake747 and Person on Diet with Cake0
Let’s look at a case where there is a significant difference.

Model with Diet (Random slope)



Generate Synthetic Data



Get Person from rnorm(90, s)



Get Personi from rnorm(90, s)

Calculate predicted Weighti,j at Weekj 

Add Gaussian noise to knock predicted weight 
randomly off its line
    Weighti,j + rnorm(0, s’)



Person{C, D} given Cake0 was generated with flat slope.
Person{A,B} given Cake747 was generated with -5 slope (Weeks)
rnorm(mean=90, sd=15) was used, which SLR got wrong due to 152 variation but 2FMM predicted correctly because our two Cake0 happens to be generated 
next to mean. 2FMM averages Weight of Week0 within each Diet group

We expect simple linear regression (on left) to be insignificant due to high variance 152 kg
We expect Two-Factor Mixed Model (on right) to have significant Weeks:Diet interaction
If you’ve understood this slide, you’ve understood the entire presentation

generates a regression for every diet

generates an overall regression



Questions?
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